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Abstract. Product decompositions of -functions of multiple argument are well known
in the literature of the subject. Here, additive decompositions are presented.

¢-functions were first introduced by Jacobi as a means of calculating elliptic functions.
They are functions of a complex variable, z, and a parameter g =¢'™". They are
denoted here 8(z|7). Four types of §-function were considered by Jacobi, and both
infinite product and infinite series representations of each @-function are known
(Whittaker and Watson 1958), e.g.

84(z]7) = Qo[ [(1-2¢* " cos 2z +q* A=Y (=1)q" cos 2rz (1)
1

where Qo =[] (1-¢*").
1

The decomposition of 4 -functions of multiple argument into products of § -functions
of simpler argument is well (if not widely) known. They may be found in standard
treatises, e.g. Tannery and Molk (1972). For example

84(nzlnr) = Qo(q")ff[ (1-2¢%7" cos 2nz +q“ "), (2)
Now by a theorem of Cotes
(1-2¢%" cos 2nz +q“ ") = T (1-24%" cos (2 + 2sm/n) +q¥ ). (3)
Hence ”

84(nzinr) = QO(q ) SH 64( ) (4)

Similar results may be obtained for 6, 8, and 8, and all may be summarised in the
one equation
= o), (5)

G,L(nzlm-)—QO(q )Sl:f (

a=0 _ a=—(n-1)/2
;3=n-—1}““1’4’ B=(n-1)/2

}I.L =23,
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These results may be regarded as the elliptic function analogues of the Cotes identities
for the circular functions, e.g.

n—1
sinnz =2""! Uo sin (z +sm/n). 6)

In a recent investigation of rational von Neumann lattices (Boon et al 1982), the
decription of harmonic oscillator states on such lattices using the kg-representation
(Zak 1968) led to an additive decomposition of §5(nz|nr). This was

T

n—1
n@s(nzlnr) = };0 63<z +sn__7r ;) (7)

Corresponding results for the other #-functions are

T)

)

n

T T)
n

n

n—1
nfa(nzinr)= Y. 63<z+(2s+1)s
s=0

n—1

ni(nzinr) =Y, (—1)503(2 +(2s+1)

s=0

- n even,. (8)
néx(nzint) = Z (-1) 03( s’:r ;)

We have not been able to find these results in any standard text on @-functions, and
thus present them here.

Simple direct proofs of these results may be obtained from the definitions of
@-functions as infinite series. Thus (7) may be derived as follows:

s(zlr) =Y q7 cos 2rz = ¥ exp (imr?r) exp (2irz).

n—1 2
Hence z 63( S# ) Z €Xp (lﬂ'l‘2 1+21rz> Z exp( lr577)
nin n n

s=0
< imrir &
=Y exp (—n-+21rz)<n ¥ 5,‘,,‘,1)

= o}

=n Y exp(imm®nr+2imnz)=nbs(nzlnr). (9)

m=—cc

It seems possible that similar additive decompositions might be found for powers of
@-functions by using various Jacobi identities. Thus one has

2n—1 z
2n63(0/7)83(nz|n?r) Z 03(2 o™

No doubt many other such identities may be formulated.

)
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